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Fig. 4 Orbital angular velocity time history (normalized to initial
orbital angular velocity).

V. Conclusions
A sail steering law has been derived in closed-form which trans-

fers a solar sail with a lightness number ¯ D 1 from a circular helio-
centric orbit to a static equilibriumat the same heliocentricdistance.
The steering law is obtained as the solution to a � rst order ordinary
differential equation, or is parameterized with respect to the solar
sail polar angle. Independentof the starting orbit, it has been shown
that the transfer angle for the maneuver is always 3¼=4.
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Introduction
AlignmentKalman � lters (AKFs) for spacecraftsensoralignment

calibration were developed in Refs. 1 and 2. There it was shown
how to model attitude sensor misalignment and gyro calibration
parameters and how to implement these models in a Kalman � lter
using the upper triangular diagonal (UD) factorization method of
Bierman.3 The ef� cacy of the calibration estimators in Refs. 1 and
2 was shown in simulation results using an attitude maneuver that
makes all of the parameters observable.

Sensor alignment and calibration is of importance to the space-
craft community because the time and effort required for calibra-
tion is not trivial, calibration maneuvers could interfere with mis-
sion operation,and inadequatecalibrationcan result in poor attitude
knowledge and poor pointing performance. A problem in attitude
sensor and gyro calibrationis that a single attitudemaneuver pro� le
may not be suf� cient to estimate all of the calibration parameters
with small covariance because observability of the gyro parame-
ters depends on the maneuver. Restrictions on such a maneuver
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may be due to physical, operational, or design constraints. The use
of only one maneuver pro� le might also not be desirable because
small thermal effects on alignment and gyro parameters could bias
the calibration estimates. The constraints on the system considered
in this Note are that no special calibration maneuvers be required
and that calibration be performed using only normal Earth scan-
ning maneuvers. Thermal distortion is the one of the drivers for
the latter.

The objective of this Note is to introduce the technique of com-
bining several estimated calibrationparameter sets to obtain a com-
posite least-squaresestimate that has smaller covariance than all of
the individual estimates. An algorithm is developed to compute the
composite estimate from the estimated calibration parameter sets
and the UD-factored covariances produced by the AKF. The algo-
rithm utilizes the UD factorsdirectly in a recursive,computationally
ef� cient, and numerically reliablemanner. It will be shown via sim-
ulation results that, with an appropriate set of attitude maneuvers,
all parameters can be estimated with small covariance,even if some
parameters (or linear combination of parameters) are of limited ac-
curacy due to maneuver restrictions.

This idea of a composite estimator is not unlike the two-stage
estimatorin Ref. 4, where the � nal estimatesfromseveralexecutions
of a � rst-stageestimatorare used as measurementsin a second-stage
estimator.

A mathematical statement of the problem is given in the next
section followed by the Kalman � lter solution. Simulation results
show theeffectivenessof combiningcalibrationparameterestimates
that result from various maneuver scenarios.Results are shown for
idealized maneuvers and for a set of realistic maneuvers for an
Earth-imaging spacecraft.

Preliminaries
The AKFs reported in Refs. 1 and 2 produce a set of attitude,

gyro bias, and calibrationparameterestimatesand the UD factorsof
the covariance matrix by processing attitude sensor data collected
during a calibration maneuver. Let Ox be the vector of estimated
calibration parameters at the end of the calibration maneuver and
let R be its covariance.The UD factorsof R can be obtaineddirectly
from the UD factors of the covariance matrix P from the Kalman
� lter. There are m D 6 attitude perturbationand gyro bias states and
n calibrationparameters in the � lter state vector. Partitioning P and
its UD factors gives
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where U is unit upper triangular and D is diagonal. Thus P22 D
U22 D2U T

22
1D R, so that the UD factors of the parameter error co-

variance R are simply the partitions U22 and D2 of the UD factor-
ization of P. If the UD factorization of P is stored in packed form,
then the packed form of U22 and D2 is extracted by skipping the
� rst m.m C 1/=2 C mn elements of the packed UD factors of P. To
simplify notation in the developments that follow, let U D U22 and
D D D2 so that R D UDUT .

The AKF is run N times to process attitude and gyro data from
each of N separate calibration maneuvers. Thus, we have N esti-
mated calibration parameter vectors Ox1; Ox2; : : : ; OxN and UD factors
of the covariance matrices R1; R2; : : : ; RN , each Oxk and Rk being
the � nal value at the end of the AKF run. These estimates can be
regarded as noisy observationsy1; y2; : : : ; yN of the true parameter
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vector x, where the observation equation is given by

yk D x C ek (2)

where ek is the estimation error. The measurement error covari-
ance EfekeT

k g D Rk is available in its UD-factored form as discussed
earlier. (Ef¢g is the expectation operator.) The composite estimator
requires that Efek eT

`
g D 0 for k 6D `, that is, that the ek are indepen-

dent.The errorek is due to 1) the measurementnoiseduring the AKF
run, 2) the process noise during the AKF run, 3) the initial errors in
the AKF states that are not includedin the compositeparametervec-
tor (which is the initial attitude error), and 4) the initial calibration
parameter estimate errors (including the initial gyro bias estimate
errors). The following is a brief analysis of the independence of
the ek .

The attitudemeasurementnoisesequencefvi g betweenandwithin
each AKF run is independent.The process noise sequence fwi g be-
tween and within each AKF run is also independent. It is also true
that the vi and w j are independent for all i and j . Furthermore, the
AKF runs are made with measurements from nonoverlappinginter-
vals. The attitude estimate at the start of each AKF run is initialized
with a measurement of attitude, so that the initial attitude estimate
error is due only to the measurement noise, not the past process
noise. This error is independent from one AKF run to another be-
cause the attitude measurement errors are independent. Therefore
the components of ek and e` due to process noise are independent
for k 6D `. Now we need to show that the error in the initial estimate
of the calibration parameter vector at the start of the AKF run is
independent of the initial estimate at the start of other runs. This
true if the initial covariance is in� nite, which says that the initial
estimate containsno informationand contributesnothing to the � rst
and subsequent AKF updates, and in particular the � nal AKF esti-
mate. Although an in� nite initial parameter error covariance is not
numerically achievable, it can be effectively achieved with a large
initial covariance (at least three times the standard deviation of the
precalibrationparameters, which are considered to be random vari-
ables). When the initial parameter error covariance is large and the
steady-state parameter error covariance is small (good observabil-
ity), then the initial error does not weigh heavily in the � nal estimate
error. Thus, the assumption that the initial estimate errors are un-
correlated is mild. In the case of poor observability, the covariance
will remain large, and the estimate will contribute little to the com-
posite estimate when other AKF runs have good observability.The
effect of poor observability is discussed further at the end of the
“Conclusions” section.

A model for the evolution of the constant parameter vector x is

xk C 1 D xk (3)

The state transition matrix for this model is simply the identity ma-
trix. Observe that there is no process noise in this model because x
is constant. Our objective is to compute a minimum-variance com-
posite estimate Ox of x given the measurements and the UD factors
of the error covariance matrices.

Kalman Filter Solution
A Kalman � lter based on the measurement equation (2), and the

state equation (3) can be used to obtain an estimate Ox that is better
than any of the measurements yk . The estimate error covariance
will be updated by using the modi� ed Agee–Turner algorithm for
numerical stability and accuracy (see Ref. 3). This algorithm is
basedin parton the scalarmeasurementupdatemethod(thisauthor’s
terminology).The techniquecomes fromRef. 5, where it is notgiven
a name; also see the Appendix in Ref. 6. The scalar measurement
update method requires that the measurement covariance matrix
Rk be diagonal. Because Rk is not diagonal, a modi� cation of the
measurementequation(2) is made so that the resultingmeasurement
error covariance is diagonal. From Eq. (2) and the UD factor Uk of
Rk D Uk DkU T

k , we get

Nyk D U ¡1
k yk

D U ¡1
k x C U ¡1

k ek

D U ¡1
k x C "k (4)

with Ef"k "T
k g D U ¡1

k Efek eT
k g.U ¡1

k /T D Dk . Because Dk is diagonal,
the elements of the error vector "k are mutually independent, and
so the estimate Oxk and its covariance Pk can be iteratively up-
dated with one element of Ny at a time by using the scalar update
method.

Note that because Uk is a square-root factor of Rk , it is
far better conditioned numerically than Rk . A poorly condi-
tioned Uk would be detected as a numerical problem during an
AKF run and, therefore, would be eliminated from the compos-
ite estimate. Thus, we can assume that Uk is suf� ciently well
conditioned.

The observation matrix U ¡1
k in Eq. (4) is easy to compute be-

cause Uk is unit upper triangular and can be computed in situ one
row at a time. Each row of U ¡1

k can be regarded as an observa-
tion matrix Hi for the scalar measurement Nyk;i . The � lter residual
is given by Nyk;i ¡ Hi Ox.i¡/ D Hi .yk ¡ Ox.i¡//. The following C code
fragment computes U ¡1

k , the scalar measurement residual zi , the
updated estimate Oxk.i / , and the UD factors of the covariance Pk.i /

of Oxk.i / :

for (i = 0; i < Ns; i++) {
// VARIANCE OF OBSERVATION ERROR
r = R[i][i] ;

// OBSERVATION MATRIX inv(U)
for (j = 0; j < i; j++) H[j] = 0.0 ;
H[i] = 1.0 ;
for (j = i+1; j < Ns; j++) {

s = R[i][j] ;
for (k = i+1; k < j; k++) s+= R[i][k]*R[k][j] ;
R[i][j] = -s ;
H[j] = R[i][j] ;

}

// RESIDUAL
z = y[i] - x[i] ;
for (j = i+1; j < Ns; j++) z += H[j]*(y[j] - x[j]) ;

// STATE ESTIMATE AND COVARIANCE FACTOR UPDATE
ageeturner(r, z, c, P, H, x, edit) ;

}

The edit variable indicateswhether the measurementz has been
editedaccordingto the residual test thresholdc. The arrayR contains
the matrix U with D stored in its diagonal.R is overwrittenwith U ¡1

k
in situ by row. Each row of U ¡1

k is also copied to H as it is computed.
The array P contains the UD factors of the covariance matrix Pk.i / .
The code can be modi� ed to avoid overwriting R with U ¡1

k or to
eliminate the storage for H. It might be important to overwrite R and
H only for very large matrices.

The initial estimate Ox1 is set equal to the � rst calibrationestimate
y1, and the UD factors of the initial covariance P1 are set equal to
the UD factors of R1 . The � rst update then proceedswith y2 and R2.
The modi� ed Agee–Turner algorithm in the function ageeturner

updates Oxk.i / and the UD factors of Pk.i/ with the measurement yk;i .
This algorithm is too long to be given here, but its derivation and
a FORTRAN implementation are given in Ref. 3. An algorithm for
computing only the diagonal of the covariance matrix Pk from the
UD factors is given in Ref. 6.

Generally it is said that a least-squaressolution is less sensitive to
unusually large measurement errors (outliers) than a Kalman � lter
estimate. This is an incorrect statement because the least-squares
solution and the Kalman � lter solution are identical once all of the
measurementsare processed.What the statementmeans to say is that
outliersare easier to � nd in the least-squaresresidualthan in the � lter
residualswhen the � lter has processedfew of the measurementsand
has not converged.For this reason the a posteriori measurement
residuals are computed in the algorithm above after the Kalman
� lter has processed all of the measurements. Outliers can then be
identi� ed, measurements edited, and the remaining measurements
reprocessed.



J. GUIDANCE, VOL. 26, NO. 2: ENGINEERING NOTES 373

Alternative Solution
One alternative to the approach presented is use the estimated

parameters and their covariancefrom one maneuver to initialize the
AKF for processingdata from thenextmaneuver.This chainedAKF
methodhas the advantages1) that the requirementfor independence
of the a priori estimates no longer applies, 2) that process noise on
the parameters can be used to trackvariations in the parameters, and
3) that a separate program is not needed to produce the composite
estimate.

At the start of each AKF run, the attitude estimate is initialized
to the � rst attitude measurement and the remainder of the parame-
ters are initialized to the estimate from the previous AKF run. The
covarianceis initializedwith the covariancefrom the previousAKF
run but with a reinitialization of the attitude error covariance and
of the cross-covariancebetween attitude and the misalignment for
the sensor used to initialize the AKF. The initial attitude covariance
is the measurement error covariance plus the misalignment covari-
ance of the attitude sensor that provided the attitude measurement.
It is imperative to initialize correctly the cross covariance between
the attitude error and the attitude sensor misalignment, otherwise
the AKF will converge to the wrong estimate. The initializationof
the covariance should be carried out directly on the UD factors
of the covariance from the previous AKF run rather than the
more obvious, expedient, and less accurate method of form-
ing the covariance matrix from the UD factors, applying the
modi� cations just described for initialization, and factoring the
modi� ed covariance. This initialization procedure is similar to
the initialization of the � rst AKF run, which is described in
Ref. 1.

Note that theorder in which the data segmentsareprocessedis not
important.A slight disadvantageof the chained AKF method is that
part of the processing sequence needs to be repeated if subsequent
analysis shows a problem with one of the links in the chain. The
algorithmgiven in the preceding section is far more ef� cient in this
regard. The chained AKF method has not yet been tested. Another
alternative solution method is batch least-squares,but this offers no
computationaladvantage.

Results
An AKF for estimating attitude, gyro bias, and various calibra-

tion parameters was derived in Ref. 1. The calibration parameter
vectors are the nonorthogonalgyro axis misalignment», symmetric
scale factors of the gyro ¸, asymmetric scale factors of the gyro
¹, and misalignment of two star trackers ±s1 and ±s2 . The payload
alignment vector ±c is also modeled, but no payload measurements
were processed for the results of this Note. The state vector and
measurements vectors are x D y D [»T ; ¸T ; ¹T ; ±T

s1; ±T
s2; ±T

c ]T . The
� xed portionof the gyro bias could also be included in this parame-
ter set. If the time between measurementsyi and yi C 1 is suf� ciently

Table 1 Individual and composite calibration estimates for sinusoidal maneuvers

x-axis motion y-axis motion z-axis motion Composite Nonharmonic

Parameter Axis Estimate ¾ Estimate ¾ Estimate ¾ Estimate ¾ Estimate ¾

x 507.9 4.4 ¡123.3 1499.6 ¡95.4 1499.6 507.9 4.4 505.2 4.4
¸, ppm y ¡194.2 1499.7 524.9 4.2 ¡212.4 1499.7 524.9 4.2 521.6 4.2

z ¡149.5 1499.7 ¡184.3 1499.8 527.8 4.3 527.8 4.3 531.3 4.2

x 203.0 12.7 24.4 1499.9 14.3 1499.8 203.0 12.7 182.2 12.7
¹, ppm y 4.4 1499.9 191.6 11.5 15.2 1499.9 191.6 11.5 184.5 11.0

z ¡22.0 1499.9 6.8 1499.9 226.5 12.0 226.4 12.0 195.0 11.0

x 60.3 1492.2 ¡242.1 1494.9 ¡394.1 35.5 ¡398.9 1.2 ¡396.0 1.2
», arc-s y ¡30.3 1493.8 13.2 1495.5 ¡323.2 35.0 ¡300.6 1.2 ¡300.6 1.2

z ¡142.8 1494.4 ¡211.5 35.2 124.7 1494.7 ¡200.5 1.2 ¡200.1 1.2

x ¡14.2 17.6 ¡19.5 30.4 ¡12.4 34.7 ¡19.1 0.8 ¡19.9 0.9
±s1, arc-s y ¡25.0 17.9 5.8 30.2 ¡2.9 34.7 ¡20.1 0.8 ¡21.4 0.8

z 12.8 25.1 1.2 25.1 5.3 36.3 19.6 0.9 17.9 1.0

x 15.4 17.6 19.9 30.4 22.7 35.5 20.2 0.8 18.1 0.9
±s2, arc-s y 14.3 17.9 ¡6.7 30.2 ¡2.7 35.5 19.3 0.8 19.3 0.9

z 27.6 25.1 1.7 25.1 13.1 34.7 20.5 0.9 20.5 1.0

long such that the gyro bias due to angular random walk and rate
random walk is uncorrelated, then the � xed bias of the gyro can
also be estimated. An independent sequence of star tracker noise
and gyro noise was generatedfor each of the calibrationmaneuvers
de� ned subsequently so that the errors ek are independent, with
the exception of in� uence of the initial parameter estimate error
and covariance; this will be remarked on further in the Conclusions
section.

A sequence of three 1128-s planar calibration maneuvers are si-
nusoidal at an angular rate of 0.5 deg/s varying at 0.01 Hz in the
x axis for the � rst maneuver, in the y axis for the second maneuver,
and in the z axis for the third maneuver. These maneuvers are thus
de� ned by the angular rate vectors,

!1 D .0:5 sin[2¼.0:01/t ]; 0; 0/T (5a)

!2 D .0; 0:5 sin[2¼.0:01/t ]; 0/T (5b)

!3 D .0; 0; 0:5 sin[2¼.0:01/t]/T (5c)

Another calibration maneuver consists of simultaneous nonhar-
monic sinusoidal angular rates in each body axis with peak am-
plitude of 1 deg/s and frequency of variation of 0.01, 0.009, and
0.008 Hz in the x , y, and z axes, respectively, that is, the angular
rate vector is

! D

0

@
sin[2¼.0:010/t]

sin[2¼.0:009/t]

sin[2¼.0:008/t]

1

A (6)

This maneuvermay be consideredideal in the sense that it is easy to
generateand causesall of the parameters to convergein a reasonable
amountof time and within the maneuvercapabilityof the spacecraft.
The time history of convergence of the calibration parameters for
this maneuver was shown in Ref. 1.

The 1¾ star tracker accuracy is 6 arc-s in the cross boresight axes
and 37 arc-s in the boresight axis. The standard deviation of the
rate white noise of the gyros is 0.005 deg/

p
h, and their 1¾ drift

stability is 0.05 deg/h over 1000 s. The star tracker data rate is 5 Hz,
and the gyro data rate is 400 Hz. The � lter update rate is 5 Hz. An
independent noise sequence is generated for each maneuver and,
of course, for each sensor. The gyro error model is described in
Ref. 1. The star tracker error is simply a rotation error in the tracker
frame, this error being independent white Gaussian noise in each
axis. The gyro and star tracker measurements are passed through
the AKF to produce an estimated calibration parameter vector for
each maneuver.

The calibration results for these maneuvers are summarized in
Table 1. The true values of the calibration parameters and their a
priori standard deviation of error are shown in Table 2. As can be
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Table 2 Individual and composite calibration estimates for realistic maneuvers

N D 1 N D 3 N D 5

Parameter Axis Estimate ¾ Estimate ¾ Estimate ¾ True value Initial ¾

x 499.9 19.8 502.3 8.8 506.7 6.2 510 1500
¸, ppm y 511.5 12.4 525.0 5.3 523.9 4.0 520 1500

z 495.3 43.3 526.8 8.3 524.8 6.0 530 1500

x 197.0 28.7 191.3 11.3 198.2 8.4 200 1500
¹, ppm y 195.3 14.1 197.0 9.1 195.9 7.1 200 1500

z 191.9 35.9 214.2 10.6 208.1 7.6 200 1500

x ¡410.7 8.5 ¡399.5 1.7 ¡400.2 1.2 ¡400 1500
», arc-s y ¡297.4 9.6 ¡298.1 2.0 ¡297.4 1.4 ¡300 1500

z ¡196.0 4.6 ¡199.4 1.8 ¡198.4 1.3 ¡200 1500

x ¡18.1 3.3 ¡20.6 1.5 ¡20.3 1.0 ¡20 60
±s1 , arc-s y ¡22.9 3.3 ¡22.2 1.4 ¡22.3 1.1 ¡20 60

z 22.6 3.0 20.0 1.4 21.0 1.0 20 60

x 22.4 3.5 19.3 1.4 19.8 1.1 20 60
±s2 , arc-s y 23.4 2.9 22.1 1.4 22.3 1.0 20 60

z 23.6 3.2 20.7 1.4 21.0 1.1 20 60

seen in Table 1, only some of the parameters are identi� able in
each of the three planar maneuvers. The standard deviation of er-
ror of the unidenti� able parameters remain close to their a priori
value. As shown in Table 1, the composite estimate computed from
the three calibrations using the individual planar maneuvers results
in estimates that are close to the true values and that have small
standard deviations of error. Similar results are also shown for the
more nearly ideal nonharmonic sinusoidalmaneuver.This suggests
that certain permissible nonideal maneuvers may be substituted
for an optimal calibration maneuver that might not be permissible
or desirable.

A sequence of � ve realistic (but simulated) maneuvers for an ag-
ile Earth-imaging spacecraft were used to produce the results that
are summarized in Table 2. These maneuvers range from 200 to
600 s in length and were generated by scanning various swaths
of the Earth during separate imaging events. A set of star tracker
and gyro measurements is generated by a spacecraft simulator for
each maneuver. These measurements are passed through the AKF
to produce � ve estimated calibration parameter vectors, which are
numbered 1–5. The results shown in Table 2 are the calibration
parameter vector 1 (N D 1) and the composite estimate of calibra-
tion parameter vectors 1–3 (N D 3) and of calibration vectors 1–
5 (N D 5). The corresponding standard deviation of error is also
shown in Table 2. For N D 1, the standard deviation is computed
from the UD factors of the AKF covariance; for N > 1, it is com-
puted from the UD factors of the composite estimate covariance.
As can be seen for the solitary maneuver (N D 1), the parameters
are only partially identi� able, that is, their standard deviation of er-
ror decreased but not nearly to the values achieved with the “ideal”
nonharmonic maneuver Eq. (6), and the parameter estimates did
not converge close enough to the true parameters. This is due to the
lack of suf� cient maneuvering in all axes and is typical of all real-
istic spacecraft maneuvers during normal uninterrupted operation.
As can be seen, the composite estimate improves as the number
of calibration maneuvers increases. The composite estimate of pa-
rameter estimates from � ve calibrationmaneuvers (N D 5) is much
improved over the estimate from the solitary maneuver (N D 1).
None of the individual maneuvers by itself was “rich” enough
to identify all of the parameters with small standard deviation
of error.

Conclusions
The problem of limited calibration performance due to calibra-

tion maneuver limitationswas addressed.The technique introduced
to solve this problem may also be used to make operational re-
quirements less demanding with regard to the maneuvers required
for spacecraft sensor alignment and calibration. The technique
is to combine in a least-squares sense the calibration estimates
from various calibrationscenarios into a composite estimate, where

each scenario may be insuf� cient to estimate all of the calibra-
tion parameters well. The Kalman � lter algorithm developed to
compute the composite estimate operates directly on the already-
available UD factors of the measurement covariance matrix to
maximize numerical stability and accuracy and to minimize com-
putation and storage. The algorithm is general and can be ap-
plied to any calibration set and the UD factors of its covariance
matrix.

A word of caution is needed in applying the algorithm in this
Note. The maneuvers used to produce the individualestimates must
be “different enough” so that all of the parameters of the composite
estimate converge with small standarddeviationof error. Repeating
the same maneuver several times is not helpful unless that maneu-
ver provides full observability of the parameters. One requirement
on the calibration maneuver that has not been proven but is easily
demonstratedvia simulation is that the angular rates in each axis be
nonharmonically related.

The reader should also be aware that parameters that are not iden-
ti� able from a given sequence of maneuvers but that have a � nite
initial covarianceat the start of each AKF run will exhibit a smaller
covariance in the composite estimate. An in� nite a priori covari-
ance of the initial parameter estimates would theoretically avoid
this problem, but is not numerically possible except in the square
root information � lter formulation.3 This problem is not severe be-
cause unobservabilityis usually obvious. This was demonstrated in
the data reported in this Note.
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